INTRODUCTION
The hyperbolic system of conservation laws governs the process of separating three ionized chemical compounds by the electrophoretic method of isotachophoresis. The fields U1, U2, U3 are proportional to the concentrations of the three species and the positive constants a~, a2, a3 are the respective electrophoretic mobilities. A derivation of ( 1.1 ) is given in the thesis of Geng [9] , where the reader may also find background information as well as references to the relevant chemical literature. The study of this system is warranted not only due to the intrinsic interest of the model but also because it provides an excellent vehicle for testing the effectiveness of newly developed techniques based on the theory of generalized characteristics [5] .
Introducing new variables ( The pivotal feature of ( 1. 4) is that it belongs, together with ( 1.1 ) and (1 . 5) , to the class of systems, identified by Temple [20] , in which shock and rarefaction wave curves of each characteristic family coincide. As a consequence of this special property, Riemann invariants associated with each characteristic field do not jump across shocks of the opposite family.
Furthermore, the interaction of waves of the same family never generates waves of the opposite family. In particular, centered rarefaction waves may originate only at the initial line t = 0. In those respects, the behavior of solutions of these systems resembles closely the behavior of solutions of single, genuinely nonlinear conservation laws.
The coinciding of shock and rarefaction wave curves greatly facilitates the construction of solutions to the Cauchy problem, in the class BV of functions of bounded variation. In fact the effectiveness of a host of methods, including the Glimm scheme, the Godunov scheme, the Lax- Friedrichs scheme and the viscosity approach, has been documented in the literature ([14] , [19] , [9] ).
Our program here is to study the properties of BV solutions of ( 1. 4) directly, i. e., without reference to any particular method of construction. To this end we will employ techniques developed in [1] , [2] , [3] , [5] , based on the theory of generalized characteristics.
A generalized characteristic associated with a BV solution of ( 1. 4) is a trajectory of the standard characteristic ordinary differential equations, interpreted as differential inclusions, in the sense of Filippov [8] . Thus generalized characteristics are Lipschitz curves propagating with classical characteristic speed or with shock speed. The relevant parts of the theory are outlined in Section 3.
There are two families of generalized characteristics for our system. From any point (x, t) of the upper half-plane generally emanates a funnel of generalized backward characteristics of each family, confined between a minimal and a maximal one. These extremal backward characteristics always propagate with classical characteristic speed; moreover, the restriction on them of Riemann invariants of the corresponding family is constant. This last feature, which distinguishes (1 . 4) from the typical genuinely 234 C. M. DAFERMOS AND X. GENG the opposite family. The above property will be established in Section 3 with the help of entropy inequalities.
One of the implications of the constancy of Riemann invariants along the extremal backward characteristics is that, once detached from the initial line t = o, the solution develops a one-sided Lipschitz condition. This in turn implies that the forward characteristic of each family emanating from any point of the upper half-plane is unique. In particular, in our system centered rarefaction waves may only originate from the initial line
In Section 4 we employ the theory of generalized characteristics to describe the regularity properties of solutions of (1.4) . We follow closely the analysis in [1] At any point where a shock is differentiable, classical one-sided limits of the solution exist and they satisfy the standard Rankine-Hugoniot jump conditions. The above are in agreement with DiPerna's description [6] of the structure of solutions of general genuinely nonlinear systems of two conservation laws constructed by the random choice method of Glimm [10] .
Though no smoothness of solutions, beyond what was described above, is to be generally expected, if the single conservation law provides a good model for our system, it is conceivable that generically solutions with smooth initial data are piecewise smooth ([18] , [1] , [2] , [3] ). Indeed, in Section 5 we show that when the initial data are Ck smooth, then the shock set is closed and the solution is Ck smooth on the complement of it. In fact, generically, the number of shocks in any bounded region is finite. The idea of the proof, borrowed from [1] , [2] , is to monitor the onset of shocks and demonstrate that shock generation points cannot accumulate, unless the initial data satisfy a nongeneric degeneracy condition.
The one-sided Lipschitz bound on solutions will enable us to establish, in Section 6, uniqueness for the Cauchy problem, via Holmgren's method. The successful application of this approach to the single conservation law by Oleinik [16] is well-known. On the other hand, uniqueness theorems, for general or special systems, recorded in the literature ([17] , [ 11 ] , [15] , [7] ) impose at the outset restrictions of smoothness on solutions that have not been translated into conditions on the initial data. Though free from this shortcoming, our result here is not definitive, because it only covers 235 GENERALIZED CHARACTERISTICS initial data in which generation points of centered rarefaction waves of the two families are strictly separated. It is not clear to us at this time whether the question of uniqueness is intrinsically harder when centered rarefaction waves of both families are generated at the same point or whether our failure to treat the general case is just technical.
As is well-known, in solutions of strictly hyperbolic systems with initial data of compact support the characteristic fields asymptotically decouple. Serre [19] realized that in systems with coinciding shock and rarefaction wave curves the two characteristic fields actually decouple completely in a finite time. In the final Section 7 we demonstrate that the method of generalized characteristics establishes that property, for our system ( 1. 4), in a direct and simple manner.
It is expected that analogous results may be established, by the same methodology, for general systems of two conservation laws with coinciding shock and rarefaction wave curves [20] and even for systems of several equations endowed with special symmetry, for instance (1.1) with i = 1, ..., n.
RIEMANN INVARIANTS AND ENTROPIES
The Jacobian of the flux in the system (1.4) has eigenvalues ~,, ~, and associated eigenvectors Recalling the definition (1.2) of u, and our normalizing assumption it can be shown [9] that on the physically relevant range of (u, v) (u, v) . In order to avoid cumbersome notation, we shall be using the same symbol to denote a particular field as a function of (u, v) or as a function of (Z, W).
By virtue of (2. 6), so that both characteristic fields are genuinely nonlinear. As is well known, a function rl is an entropy for (1.4), associated with entropy flux q, if
The entropy 11 will be convex in the variables (u, v) if
In [5] , (2.13) are rewritten in an equivalent form, equations (3.13) , (3.14) , that involves derivatives of 11 with respect to (z, w We assume that for each t >_ 0 the functions u (., t), v (., t), and thereby also the functions z (., t), w (., t), have bounded variation on ( -oo, oo). In particular, one-sided limits u (x:1: , t), v (x:1: , t), z (x :1: , t), w (x :1: , t) exist for all (x, t) on the upper half-plane. The We fix E positive small and we let ~£ denote an integral curve, in the sense of Filippov, of the differential equation emanating from the point (x -~, t). Theñ E (t) ~ ~, (z (çt (t) +, t), w (~E (t) +, t)) + E, a. e. on [0, t ], (3 .14)
We consider the inequality (3.4) , where r; and q are given by (2. 19) and (2 . 20) For i = 1, ..., n, we let ~~ denote the minimal backward 2-characteristic emanating from (~ (s~), si) and ~~ denote the maximal backward 2-characteristic emanating from (~ (ii), ii). In particular, ~i + 1 (o) _ ~i (0), i = 1, ... , n -1. We claim that it is also ~i (o) _ ~~ (0), i = l, ..., n. Indeed, if for some t E (0, Si) it were Si (t) _ ~i ( Proof -When z (x -, t) = z (x + , t), (3 . 21 ) implies that the minimal and maximal (and thereby all other) backward 1-characteristics emanating from (x, t) collapse into a unique curve ç. If t is any point in (0, t), Lemma 3 . 2 
implies z (~ (t) -, t) >_ z (x -, t), z (~ (t) + , t) _ z (x + , t). However, by the admissibility condition (3 . 3), z (~ (t) -, t) _ z (~ (t) + , t
and so z (~n (t) db, t) -z (~ _ (t) -, t), 0 t -_ t. This establishes (3 . 48). The proofs of (3.43), (3.44), (3.45) are quite similar and will thus be omitted.
STRUCTURE OF SOLUTIONS
The geometric structure of solutions of genuinely nonlinear, strictly hyperbolic systems of two conservation laws, constructed by the random choice method of Glimm [10] , has been discussed by DiPerna [6] . Here we study the regularity of the solution of ( 1. 4), considered in Section 3, by employing the properties of generalized characteristics. We follow closely the analysis in [1] for the single, genuinely nonlinear hyperbolic conservation law and the results are very similar. Proof. -Take any sequence {(xn, tn)} in S _ that converges to (x, g, as n -~, and consider the minimal backward I -characteristic 03BEn emanating from (xn, tn). Then 03BEn (t) __ 03BE-(t), 03BEn (t) ~ 03BE-(t), as n -~. By as n -00. We have thus shown that the restriction of z (x -, t) to S _ is continuous at (x, t).
The proof of the remaining assertions of the theorem is similar and will be omitted. When (x, t) is a 1-shock generation point, either z (x -, 0 = z (x + , t) or z (x -, t) z (x + , 0. In the latter case (x, 0 is the focus of a I-compression wave. Similarly, 2-shock generation points (x, t) may be either points of continuity of w, w {x -, 0 = w (x +, t), or focuses of 2-compression waves, when w (x -, t) w {x + , 0.
The following proposition describes the structure of shocks. THEOREM 4. 3. -Let x be a I-shock generated at the point (x (V, t). ing from (x (t), t). Take any increasing sequence {tn} in [t, t), such that as n -oo, and let ~n be the minimal backward I-characteristic emanating from (x (tn), tn). As n -oo, ~n --~ ~o, uniformly on [0, t), wherẽ o is a 1-characteristic emanating from (x (t), t). On the one hand, it is ç (i) ~o (t), 0 ~ T t. Also, by Theorem 3 . 2 it is and so z (~o (i) ~ , i) = z _ (t -), 0 i t. If z _ (t -) _ z _ (t + ), then, by Lemma 
. 4, ço=ç whence z _ (t -) = z _ (t + ). We have thus verified that Z_ (t-)~Z_ (t+).
Let us assume first z _ (t -) = z _ (t + ), in which case, as shown above, o -ç. If { (xi, ii) } is any sequence, with t, xi x (rj, which converges to (x (t), t), as i -~ oo, and if ~i is the minimal backward characteristic emanating from (xi, it), then, necessarily, ~i --~ ~, as i -~ oo, uniformly on [0, T). In particular, z (xi, ii) -z (x (t), t),i --~ oo, which shows that (x (t), t) Assume now that z _ (t -) > z _ (t + ), in which case ~o (t) > ~ (t), 0 1 t. The "funnel" between § and ~o is filled with 1-characteristics emanating from (x (t), t). If the collection of these characteristics includes no shocks, then (x (t), t) is the focus of a I-compression wave. Otherwise, (x (t), t) is a point of interaction of 1-shocks.
The analogous properties of z + stated in the theorem are established by similar arguments.
We now turn to the functions w + . By standard properties of BV solutions and the Rankine-Hugoniot conditions we have w _ (t) = w + (t)
for almost all t in [oo) and so w _ (t -) = w + (t -), w _ (t + ) = w + (t + ) for all t in (t, oo). By virtue of Theorem 4.1, we deduce w _ (t + ) = w _ (t) and w + {t -) = w + (t) for all t in (t, oo ). Since 
w _ (t) _ w + (t), it follows that w + (t + ) = w _ (t + ) _ w + (t -) = w _ (t -). When t is a point of discontinuity of w +, then w (x (t) -, t) w (x (t) + , t) and so, by Theorem 4 . 2, the forward 2-characteristic emanating from (x (t), t) is a 2-shock.
As stated in Section 3, x propagates almost everywhere with 1-shock speed, given by (2.25). Considering the continuity properties of the functions z + and w + established above, it follows that x is right-differentiable at every t >_ t and (4 .1 ) holds. In particular, if t is a point of continuity of z + and w + then x is differentiable at t.
The proof of the corresponding properties of 2-shocks B)/ is essentially identical and will thus be omitted. 
using ~ (t) -~ (t) = y -x, ~ (t + b) -~ (t + S) > o, we deduce
Since z is constant along 1-characteristics, by combining (3 . 40) with (4. 5) we conclude that z is Lipschitz continuous at (x, t).
The proof that w is Lipschitz continuous at every point of * is similar and will thus be omitted.
The last proposition of this section should be compared with The proof of (4. 9) is, of course, similar.
GENERIC SMOOTHNESS OF SOLUTIONS
In this section we assume that the initial data (uo (x), vo (x)) are Ck smooth, k >_ 1, and show that the solution (u (x, t), v (x, t)) is Ck in the complement of the shock set. We also prove that when k >_ 4 shock generation points cannot accumulate, unless the initial data satisfy a nongeneric degeneracy condition and therefore generically solutions are piecewise C~ smooth. As in earlier sections, it will be more convenient to minitor the initial data and the solution through the induced Riemann invariant fields (zo (x), wo (x)) and (z (x, t), w (x, t)).
For each y in ( -oo , oo ), we let x ( y, . ) and Bf1 (y, .) denote the (unique) forward 1-characteristic and 2-characteristic emanating from the point ( y, 0). In general, as shown in Section 4, x ( y, . ) passes through points of continuity of z (x, t) on some maximal time interval [0, t) and then follows a 1-shock over (t, oo). This shock may have already been formed by the time t x impinges on it or it may be generated at the point (x (y, 0, 0 itself. In the latter case, (x ( y, t), t) is either a point of continuity of z (x, t) or the focus of a 1-compression wave. Of course Bf1 (y, .) has completely analogous properties. Our objective is to characterize the generation of shocks in terms of properties of the functions x ( y, t), B)/ ( y, t) that may in turn be translated into conditions on the initial data.
It is clear that x ( y, t) and B)/ ( y, t) are well-defined on ( -oo follows that Z ( y, x ( y, t), t) > 0 for t -1 positive small in which case (x ( y, t), t) is not a point of continuity of z (x, t) and so (x, t) is a 1-shock generation point.
Conversely, assume (jc, t) is a 1-shock generation point. We fix and set x = x ( y_, t). We note that z (x -, t) z (x + , t). and letting y ~ we obtain (5. 25).
The proof of (5. 26) is essentially identical. The I-shock set (or 2-shock set) is the union of the set of points of discontinuity of z (x, t) [or w(x, t)] and the set of 1-shock (or 2-shock) generation points. The union of the 1-shock set and the 2-shock set forms the shock set.
LEMMA 5.6. -The I-shock set and the 2-shock set are closed.
Proof -Assume (x, 7) is the limit of a sequence {(xn, tn)} of points of the 1-shock set. As stated in Section 4, from each point (x,~, tn) emanates at least one backward I -characteristic, say ~n ( . ), which passes through a I-shock generation point, i. e., (~n (in), in) is a I-shock generation point for some in in (0, tn]. In particular, by Lemmas 5.4 
and 5.5 it is
We may assume (x, 1) is a point of continuity of z (x, t) since otherwise (x, t) obviously lies on the 1-shock set. The proof that the 2-shock set is also closed is essentially the same. The following proposition describes the regularity of the solution: THEOREM 5.1. Proof -The shock set is closed by Lemma 5.6 . Any point (x, 1) in the complement (!) of this set is a point of continuity of both z (x, t) and w (x, t). Moreover, if ) = § + (0 ; £, 1) and y = ~ ± (0 ; x, t), Lemma 5.4 implies t) > 0, t) > 0. It follows that x = x ( y, 0 and x = ~r ( y, 1) may be inverted on the relevant range: y =, f ' (x, 0 and y = g (x, I); in 1) and y = g (x, t). At the same time, (5 . 6) and (5.10) yield 257 GENERALIZED CHARACTERISTICS whence it follows, by induction, that if z (x, t) and w (x, t) are Cl on (!), for some l = o, ... , k -1, then x ( y, t), t), and thereby also f (x, t), g (x, t), are Cj + 1. However, since we infer that f (x, t), g (x, t) in CI + 1, l -0, ..., k -1, implies that z (x, t), w (x, t) are in 1. Therefore, the restriction of the solution on C~ is in Ck and the proof of the theorem is complete. In general, the shock set may be quite sizeable. We now proceed to show that generically, for initial data in Ck, k >_ 4, the set of shock generation points is locally finite. We have thus shown that 1-compression waves cannot appear and 1-shock generation points cannot accumulate, unless the inital data satisfy the conditions (5 . 47) at some point y in ( -oo, oo). Recalling the definition (5 . 37) of T (y), we easily verify that the set of initial data (zo (y), wo (y)) which satisfy (5.47) at some point y in any fixed compact interval [a, b] is closed and nowhere dense in the Banach space Ck ( -oo, oo ), k >_ 4.
Therefore, the set of initial data that satisfy (S . 47) at some point y in ( -oo, oo) is of the first category.
Assume now the initial data ara analytic on ( -o~o, oo). If (5 . 47) is to hold for l =1, 2, ... then T (y) has to be constant, say 1, over ( -oo , oo ) and, by virtue of (5. 39), X ( y) also has to be constant, say jc, over (-oo, oo 
